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Introduction :

The concept of an Almost Distributive lattice(ADL) was introduced in [3] as a common abstraction of all
existing ring theoretic and lattice theoretic generalizations of a Boolean algebra. In[2], we defined an ADL to
be normal if its principal ideal lattice is a normal lattice and studied some of its properties. In [Dually Normal
ADL], we introduced the concept of Dually Normal ADL and we characterized Dually Normal ADLs in terms
of dual annihilators.

0. Preliminaries

An Almost Distributive Lattice (ADL) is an algebra (R, Vv, A) of type (2, 2) satisfying
. (Xvy)Aaz=(XAzZ)v(YAZ)
XA(YVZ)=(XAY)V(XAZ)

- (xvy)ay=y

. (XVy)AX=X

XV (XAY)=X

o~ W NP
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It can be seen directly that every distributive lattice is an ADL. If there is an element O € R such that
Ora=0forallaeR ,then (R,Vv,A,0) iscalledan ADL with 0. Asusual, anelement m e R is called
maximal if it is maximal element in the partially ordered set (R,<). That is, for any a€R,
m<a—=m=a.

Let R be an ADL and M € R. Then the following are equivalent.
1). M is maximal with respectto <.

2. mva=m, forall aeR.
3. mara=a, forallaeR .
4). avm is maximal, forall aeR.
0.1. Definition : [4] Let A be asubset of an ADL R.and B isanideal in R. Then we call the ideal
LA, BJ = {xeR XA Ac B}asarelative annihilator of A with respectto B.
0.2. Theorem : [1] An ADL R.is normal if and only if every prime ideal of R. contains a unique minimal

prime ideal of R.

0.3. Theorem : [2] Let R.be an ADL. Then R.is normal if and only if each prime filter in R.is contained
in a unique maximal filter.
A relatively complemented ADL is an ADL in which every closed interval isa complemented lattice.
0.4. Theorem : [1] Every relatively complemented ADL is a normal ADL .

0.5. Theorem : [3] An ADL R. is dually normal if and only if for X,y € R , if xv y is
maximal then there exist X, Y, € R suchthat Xv X, YVvy, aremaximalin Rand X AY, =0.

0.6. Theorem : [3] Let R be an ADL with maximal elements. Then the following are
equivalent.
1). R is dually normal.

2). Forany X,y €R, if xv y ismaximal then (X)" v (y)" =R
3). Forany X,YeR, (xvy) = (X)"v(y)"
Note that, throughout this paper the letter R.stands for an ADL (R, Vv, A,0).

1. Relative Dual Annihilators

In this section we introduce the concept of a relative dual annihilator, dual to that of relative annihilator
defined in [4]. We study many important properties of a relative dual annihilator. Since the dual of an ADL is
not an ADL, we provide proofs to all the results of relative dual annihilators in this section.

First we give the following definition which is dual to that of the definition 0.1.

1.1. Definition :
1). For any non-empty subset A ofan ADL Rand Xe R,Avx ={avx AeR}

2). For any two subsets A, B of R define [ A,B] ={xeR |Avxc B}

By routine verification, we get the following result.
1.2. Lemma : For any subsets A, B ofan ADL R.and X € R, we have

1). (AuB)vx=(AvXx)u(BvX)
2). (AnB)vxc (AvXx)n(BvXx)
Using Lemma 1.2, we prove the following lemma.
1.3. Lemma: Let A B,C,D be any non-empty subsets of an ADL R. Then

1).CcD = |_A,C—|g|_A,D_| and |_D,A_| ng,A—‘ .
2). I_A,CUD—| =|_A,C—|u|_A, D—| :

3.[ACAD] = [AC]A[AD].
4).[AUB,C|=[AC|n[B,C]
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5). (A,C—|ufB,C—|g(Am B,C—|
Proof: 1). Let A,C, D be any three subsets of an ADL R.andC < D.
Now, xe[AC| = AvxcC
= AvXx cD GinceC D)
= xe[AD]
Therefore [ AC| <[ A D]
Also, Xel_D,A—‘ = Dvx cA

= CvXx cDvXxcAGineeC D)
= CvXx c A

= xe[C,A]. Therefore [ D,A| < [C,A]
2). Let A,C, D be any three subsets of R.
Now, XerA,C—lqu,D—| = XerA,C—| or XefA,D—|

< Avx cC or Avx D
< AvxcCubD

< xe[ACuD].
Therefore fA,C—lu fA,D1= fA,CuD—|.
3). Let A,C, D be any three subsets of R.

Now, XefA,C}mfA,DW = XefA,C—| and XefA,D—|
< Avx cCand AvX <D
< AvxcCnD
< xe[ACnD].

Therefore [ AC|N[AD]|=[ACND].
4). Let A, B,C be any three subsets of R.
Now, xe[ AUB,C| < (AUB)vx cC
< (AuB)vx <C
< Avx cCand Bvx < C
< xe[AC] and xe[B,C|
& xe[AC]A[B.CT.
Therefore [ AUB,C| =[ AC|n[B,C]|
5). Proof follows from condition (1).
In the following result we prove that I_A,G—‘ is a filter of R if G isafilterin R.

1.4. Lemma: If A isany non-empty subset of an ADL R and G is a filterin R.
then rA,G—|isafiIterof R and G ng,G—l

Proof : Let R.bean ADL and A is any nonempty subset of R. Let G be afilter in R.
Thenforany g € G,av g eG, forall ac A Therefore G < |_A,G—‘.
Now X,ye[AG]| = avx, avyeG, forallacA
= (avx)a(avy)eG forall ac A
= av(xAay)eG forallac A
= xAye[AG]
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Again, let xe[ ALG|. Then avxeG forall acA.
Now, foranyr € R, avrvx=avrvavxeG forall ac A Therefore rvxe[AG].
Hence, |_A,G_| is a filterin R.

Now, we introduce the concept of a relative dual annihilator in the following definition.
1.5. Definition : Let A be any non-empty subset of an ADL R.and G is a filter in R. Then we call the filter

fA,G-‘ as a relative dual annihilator of A with respect to the filter G .

The following results can be proved easily.
1.6. Lemma: If Aisafilterin R, then |_A, A—| = R.

1.7.Lemma: If B isa filterinan ADL R.and A < B then |_A,B—|= R.

Proof : Let B beafilterin R.and Aisany subset of Rsuchthat A < B
Then from (1) of Lemma 1.3, we get [ A,A] <[ A,B']. Therefore from Lemma 1.6,

we get R fA, B} and hence we get fA, 81 =R.
1.8.Lemma : If A={0} and Gisanyfilterin R, then [ A, G |=G
1.9. Lemma : Let A, B be two non empty subsets of an ADL R and G is any filter of R.
Then 1).[AG|<AN[B,[B,G]]

2. If Ac Bthen [ A[B,G|=[AG]

3.[AUB,G| < [A[B,G|]| <[ANB,G]|
Proof : Let A, B be two non-empty subsets of an ADL R and Gis afilterin R .
1). Since Gisafilterin R, from Lemma 1.4, we have G c |_B,G_| and hence from (1) of Lemma 1.3, we

get fA,G}ng,fB,G—H—) )

Again from (2) of Lemma 1.3, we have ANB < A,|_A,|_B,G—|—’ c (Am B,fB,Gﬂ—) ()}

Therefore, from (1) and (11), we get IVA,GW g(Am B, fB, G—H

2). Let G be any filter inan ADL R.and A, B be two non-empty subsets of R suchthat A < B . Since G
[ B,G, we have |_A,G—| g(A,l_B,GTI - ()

Now, Xe(A,fB,GTI = A\/ngB,G—|

avXe(B,G—| forall ae A

BvavxcG forall ae A
avavxeG forallacA(cB)
avxeG forall ac A
XeI_A,G—|

Therefore (A,fB,Gﬂ ng,G—| — (I
Thus from (1) and (11), we get (A,|_B, G_” = |_A,G—|

3). Let A, B be two non-empty subsets of an ADL R and G is afilterin R .
Now, A c AUB = fAu B,G—| C fA,G—| -

Again, G < [BG] = [AG| < [A[BG]|>m
Also, ANB ¢ A = [A,[B,Gﬂg[AmB,G}a (1)

=
=
=
=

U
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Therefore from (1), (11) and (111); we get I_Au B,G—l g(A,fB,GTIgI_Am B,G—l
Since A < A, from (2) of Lemma 1.9, we get the following corollary.
1.10. Corollary : If Aisanonempty subset of an ADL R and G is any filter

in R then lVA,rA,Gﬂ:fA,GW

1.11. Definition : Forany &,beR, define [a,b]={xeR Avx=avxvb}.
Observe that Xera,b—| < avix=avivb o b=(@vx)ab

In the following result we prove that fa, b—| is a filter .
1.12. Theorem : Forany a,b € R, |_a, b—‘ = I_[a),[b)_|
Proof : Let @,b be any two elements in R.
Now, X e |_[a),[b)_| = Svxelb), forall Se[a)

= avXxe[b) (Since aela))

= avx=avxvbh = Xel_a,b—l.

Therefore |_[a),[b)—| c I_a,b—|
Let S be any element of [@) .Then Sva=s.
Now, Xe|_a,b—| = avXvb=avx
= avXxe[b) (since be[b))

= Svavxelb) (since [b) isafilter)
= SvXxe[b) (sincesva=s)

= xe[[a), [b) ]
Therefore |_a, b_| c I_[a),[b)_|. Thus I_a,b—|: I_[a),[b)—|.
1.13. Corollary : For any two elements a,b of an ADL R, |_a, b_| is a filter.
Proof : Foranybe R, [b) isafilterin R Therefore from Lemma 1.4, we get f[a),[bﬂ is a filter in
R and hence from above Theorem 1.12, [ @,b | isafilterin R .
1.14. Theorem : Let Rbean ADL anda,b,c € R . Then
1). ForanyaeR , |_a,0—|= R.
2). Forany a,beR,[a,a|=[a,anb]=[abra]|=[bva,al=[avba]=R.
3).1fb<a then [a,b|=R.
4).Forany a,b,ceR,[a,bac] = [a,cab]and [a,bvc]=[acvb]
5).Forany a,b,ceR,[a,b]n[a,c] c[abnac].
6).1f b<c then [b,a|c[c,a] and[a,c]c[ab]
7). Forany a,b,ceR., ra,bvc—| :fa, b}mfa,c]
Proof : Let R bean ADL and a,b,c € R.
1) is clear.
2).[a,a] = Risclear.
Now xe[a,aanb] < avx=avxv(aab)
< avx=avxvav(aab) (since avb=avbva)
& avx=avxva < xelaal

Therefore fa, a—| :[a, an b—|
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Similarly, we canprove [ a,bAa|=[bva,a]=[avb,al=R.

3). b<a = baa=a . Hence the proof follows from (2)
4). Let a,b,c be any three elements of an ADL R .

Now, x.efa,b/\ﬂ = avx=avxv(bac)
bac=(avx)a(bac)
(bAac)a(cab)=(avx)a(bac)a(cab)
cab=(avx)a(cab)
avx=avxv(cab)
xe[a,cab]

Therefore [a,b/\ﬂ gfa,C/\b—|.
Similarly, we get ]_a,C/\b—| c |_a,b/\c—|

b 44Uy

Hence we have |_a,b/\c—|:|_a,C/\b—|
Similarly, we canprove [ a,bvc]=[a,cvb]
5). Let a,b, c be any three elements of an ADL R

Now xe[ab]n[ac] = xe[ab] ad xe[ac]
avx=avxvb and avx=avxvc
b=(avx)ab and c=(avx)ac
bac=(avx)aba(avx)ac
bac=(avx)abac
avx=avxv(bac)
xe[abac]
Therefore [a,b|n[ac| < [abac]

6). Let a,b, C be any three elements of an ADL R.

Wehave b<c = bvc=c=cvb and bac=b

Now, Xe]_b,a—| = bvx=bvxva

R

= cvbvx=cvbvxva
s CvX=CvXva

= xelcal.
Therefore I_b,a—|gl_c,a—|
Again, x.efa,ﬂ = avX=avixvce
c=(avXx)ac
bac=ba(avx)ac
bac=(avx)abac
b=(avx)ab
avx=avxvb
Xel_a,b—|
Therefore [a,c}gfa,b}

7). Let a,Db, C be any three elements of an ADL R
From(6), we have b<bvc = [a,bvc}gfa,b} and c<cvb = fa,va—|gfa,C1
Since |_a,bvc—| = I_a,CVb_I, we get |_a,bvc_|g|_a,b_|m|_a,c._|

o d eyl
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Again, xe[a,b|n[a,c|] = xe[ab]and xefa,c]
avXx=avxvb g avx=avxvec

avx=avxvbvavxvc
avx=avxvbvc
= Xel_a,bvc_l

Therefore [a,b|~[a,c|<[abve].
Hence [a,bvc]=[ab]n[a,c].
1.15. Theorem : Let A be any non-empty subset of an ADL R and F be a filter

in R, then |_A,F_| :ﬂ |_[a),F—| :

achA

Proof : Let F be any filter of Rand A is a non-empty subset of R .
Now X e ﬂf[a), F] = xe [[a),F |forallacA .

U

aeA
= svXeF forall se[a) and forall ae A.
= avXxekF forall ae A.
= xe[AF]

Therefore ()[[a),F | <[ AF].

acA

Let a be any element of A. TakeSe[a) . Thensva=s.
Now Xe|_A,F—| = avXxeF foral aeA.
= svavXxeF forall se[a) (since F isafilter) and forall ae A
= SvXekF forall se[a)andforall aec A
= [a)v X CF, forallae A
= Xe|_[a),F—| forall ae A

= xe([[a).F].

Therefore [ A F | < ahf[a),F—l
Hence [AF]= ﬂf[a),F—|

1.16. Corollary : Let X € R and for any non-empty subset A of R,

[ADOT= [fax]

aeA
Let R be an ADL with maximal elements. Now, we recall that

(s)"={xeR bV Xisamaximal element} isa filter in R
Now we prove the following results.
1.17. Lemma: Let m;, m, be two maximal elements in ADL R . ThenforanyaeR ,

[am]=[am,]
Proof : Let m;, M, be two maximal elements and a is any element of R.
Now, xe[am | = avx=avxvm
= m=(@vx)am
= mAam,=(@vx)aAmam,
= m,=(avx)am, (since M ismaximal)
= avx=avxvm,
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= xe[am,]
Therefore fa,mJ C fa,m2—| .
Similarly, we can prove that |_a, m2_| C |_a, ml—\ .
Thus, we get |_a, m1—| :|_a,m2_| .
1.18. Lemma : Let R be an ADL with maximal elementm .
Thenforany ae R, (a)" =|_a,m—|
Proof : Let R be an ADL with maximal element mand a € R.
Now, xe[a,m| = avx=avxvm
= av X is maximal
= Xxe(a)". Therefore ]_a,m—| c(a)'.
Let Xe(a)" = av x is maximal
= avx=m, (say)
= avx=avxvm = xef[am,|
= xe[a,m] [fromLemma1.17]
Therefore (a)" gl_a,m_|.

Thus we have (a)" = |_a, m—|

In the following theorem, we prove a relation between relative annihilators and relative dual annihilators in
a relatively complemented ADL.
1.19. Theorem : Let R be a relatively complemented ADL with a maximal element m. Let a,b € R and

a",b™ be the complements of a,b in [0,av m] and [0,b\ m] respectively. Then forany xe R, (1)
Xefa,b—| = Xmetam,bmJ and
@ xelab] < x" e(a’“,b’“]
Proof : Let R be arelatively complemented ADL with maximal element m and a™,b™ be the complements
of a,b in [0,av m]and [0,bv m]respectively.
(1) : Now Xefa,b—| = avx = avxvb
= (avx)" = (avxvb)"
= a"Ax" = a"Ax"Ab"
= a"Ax"Aad™ = a"Ax"Ab" AQ"
= x"Aa" = b"AX"AQ"
- x| am b |
Conversely, X" e Lam,bmJ = X" Adm=hb"Ax" A"
x"Aa™)™ = (" AX" A@™)"
(Xm)m V(am)m - (bm)m V(Xm)m V(am)m
(xAam)v(aam) = (bam)v(xam)v(aam)
bam = (bAm)A[(XxAm)v(aam)]
bam = (bAm)A(Xxva)am
bam = (avx)A(mab)Aam
baAmab = (avx)Abamab
b = (avx)ab

L R R R

8 International Journal of Engineering, Science and Mathematics
http://www.ijesm.co.in, Email: ijesmj@gmail.com



http://www.ijesm.co.in/

ISSN: 2320-0294 L Impact Factor: 6.238

avx = avxvb
Xel_a,b—|

Therefore X € I_a,b_| o X" etam,b’“J.

=
=

2): Now Xe|_a,bj = XxAra = baxaa

= (xara)" = (baxaa)"
= x"va™ = b"vx"va"
= b™ = b" A(X"va™)
= b"Ab"™ = b"AKX"va")Ab"
= b™ = (@" vx")Ab"
= a"vx" = a"vx"vb"
= x’“e(am,bm—‘
Conversely, Xme(am,bm—’ = a"vx"=a"vx"vb"

= @Ax)™ = (aaxab)"

= aAXAm = aaAXAbAm

= anXxAmaa = aAXAbAamaa
= xAa = bAXAa

= xelab]

Therefore X € La,bJ =4 e(am,bm—‘

2. Relatively dually normal ADLs

Now we introduce the concept of a relatively dually normal ADL in a natural way by defining every
closed interval in R is dually normal.

In this section the letter R stands for an ADL with maximal elements.
2.1. Definition : An ADL R is said to be relatively dually normal, if forany a,b € R

with a < Db, the interval [a,b] is dually normal.
2.2. Definition : Let X be any element of an ADL R and S is any subset of R .
Then we define (X); = {s€S kv's ismaximal in S}

The following lemma can be proved easily using the above definition.
2.3.Lemma : Let a,bbe any two elements of an ADL Rwith a < b.

Then for x e[a,b], (X),, = [Xb]N[ab] and (X);,,; isafilter in the interval [a,b], Now we

prove the following Lemma.
2.4.Lemma: Let Rbean ADLand with @ < b.Thenfor any

x,yelab], {[xb]v[y.b]} A [ab] = {{xb]~[abl} v{[y.b]n[ab]}
Proof : Let Rbean ADL and a,b e Rwith @ < b and X,y e[a,b].

Now, [x,b|c [x,b]v[yb] = [xb]n [ab] = {[xb]|v[y.b]}I[ab].similarly,
[yblc [xb] v[yb]=[yb]n [ab]l < [xb] v[yb] n [ab]Therefore
{{xb]n[abl}v{yb]n[abl}c {xb]|v[yb]} nlab]l >

Now, p e {]rx,b—|vfy,b—[} N[ab] = pe {]rx,b—‘vfy,b—‘} and p € [a,b]
= p=s5.AS, where s, €[xb], s,e[y,b]

o) International Journal of Engineering, Science and Mathematics
http://www.ijesm.co.in, Email: ijesmj@gmail.com



http://www.ijesm.co.in/

ISSN: 2320-0294 L Impact Factor: 6.238

= P=SAS, where XVvS =XVvSvbh yvs,=yvs,vb
= p=S AS, where Db=(Xvs)ab, b=(yvs,)ab
Also, pe[a,b] = p=(avp)ab
= p=[av(s;As,)]Ab ( since p=s, 1S, ela,b] )
= p=(avs)a(avs,)ab
= p=[(avs)ab]af(avs,)Ab]
Clearly, (avs)Abe[a,b] and (avs,)Abela,b]
Now we prove that (av's,) Abe[x,b] and (avs,)Abe[y,b].
Now, {Xxv[(avs)Abl}ab = (xvavs)a(xvb)ab
= (avxvs)ab
=  (Xvs)Aab  (since xe[a,b], avx=x)
= (xvs vb)Ab (since xvs =xvs vh)
= b
Thisgives Xv[(avs)ablvb = xv[(avs)Aab].
Therefore (avs)Abe[xb]andhence (avs)ab e [x,b]n[a,b].
Similarly, we get (av's,)Abe |_y,b—| N[a,b]
Therefore p = [(avs,)Ab] A [(avs,)Ab] e {]_X,b—lm[a,b]} Y {]_y,b_|m[a,b]} :
and hence {{ x,b |v[y,b [t n [a, b] < {xb]n[abl} v {y.b]n[abl} —I)

Therefore from (1) and (I1), we get

dxb]v[y.bBr [a b] = {xb|Alabl} v {y.b] [abl}

In the following theorem, we characterize a relatively dually normal ADL in terms of relative dual annihilators.
2.5. Theorem : Let R be an ADL with maximal elements. Then the following are
equivalent.

1). R isrelatively dually normal.
2. R =[ab]v[bal forall a,beR

3). I_avb,c_| = |_a,C—| v |_b,C_| forall a,b,ceR
Proof :
(1) = (2) : Assume that R is a relatively dually normal ADL.

Let a,b € R. Then clearly, fa,b—lv]_b,a_l c R,
LetR C e R.Now consider the interval 1= [c,cvavb]. Then | isdually normal.
Since cvavb=cvavcvhb is maximal in |, from Theorem 0.5, there exist &,,b, € | such that
cvava, Cvbvb are maximal elements in | and &, A b, = C(the zero element of | ).
Clearly, cvava=cvavb = cvbvb and c=cv(aAb)=(cva)a(cvh).
Now, we prove that Cv @, €[ a,b | and cvhb [b,a]
Now, avcva vb =avcvavevavb

avcva vevava,
=aveva
Therefore, Cva, € ]_a,b_l. Similarly, we can prove that Cv b, € |'b,a—|
Therefore, ¢ = (Cva)A(Ccvh) € |_a,b_|vfb,a—\
Thuswe get R < fa,b}vfb,a] Hence R = [a,b}vfb,a}
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(2) = (3) : Assume the condition (2). Let S€S a,b,ceR

From Theorem 1.13, we have |_a,C—| v |_b,c—| c |_avb,c—|

Let xe[avb,c].Thenavbvx=avbvxvc

Since X € R, we canwrite X =S, A'S, where S, era,b—l, S, e’rb,aw

Thatis, X=S, AS,and avs =avsvb, bvs,=bvs,va

Now we prove that s, €[ a,c | and s, €[ b,C]]

Since X =S, AS,, wehave S, =S, V(S;AS,) = SV X

Now, avs, = avs vX (since S, =S, Vv X)

= avs vbvx (since avs =avs vb)
= avsvavbvx
= avsvavbvxvc (since avbvx=avbvxvc)

= avsvbvxvce

= avs vbvsvxvece

= avsvbvsve (since S,V X=5)

= avsvbvece

= avsVve (since avs vb=avs)

Therefore s, € |_a,c_| . Similarly, we can prove that s, € |_b,C_|
Therefore X=5, AS, €[a,c|v[b,c| andhence [avh,c] < [a,c]v[b,c]
Therefore favb,c—l = fa,ﬂvfb,c} forall a,b,ceR

(3) = (1) : Assume the given condition (3). We have to prove that R is relatively dually normal. Let
a,beR and a<b.

Consider the interval [a,b] and X,y e[a,b]. Then from Theorem 0.6, it is enough to prove that
XV Wiam = Rasy v Viap
Now, (XV Y)Lp = va y,b—|m [a,b] fromLemma2.3.
{xb]v[yb[r[a,b]
{]_X,b—|ﬂ[a,b]}v {]_y,b—‘m[a,b]} from Lemma 2.4.
(apr v Vian
Therefore [a,b] is dually normal and hence R is relatively dually normal.
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